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We investigate asymptotical behavior of numbers of long Hamiltonian walks (HWs), i.e., self-avoiding
random walks that visit every site of a lattice, on various fractal lattices. By applying an exact recursive
technique we obtain scaling forms for open HWs on three-simplex lattice, Sierpinski gasket, and their gener-
alizations: Given-Mandelbrot (GM), modified Sierpinski gasket (MSG), and n-simplex fractal families. For
GM, MSG and n-simplex lattices with odd values of n, the number of open HWs Zy, for the lattice with N
>1 sites, varies as w“NY. We explicitly calculate the exponent vy for several members of GM and MSG
families, as well as for n-simplices with n=3, 5, and 7. For n-simplex fractals with even n we find different
scaling form: Zy ~ o™ " , Where d is the fractal dimension of the lattice, which also differs from the formula
expected for homogeneous lattices. We discuss possible implications of our results on studies of real compact

polymers.
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I. INTRODUCTION

Self-avoiding walks (SAWs) have long been used in the
studies of configurational statistics of polymer chains in so-
lution [1]. Due to excluded volume effect, at high tempera-
tures T (good solvent) long polymer chains are in swollen
configurations. At low temperatures (poor solvent) polymers
are in a collapsed state, caused by the attractive interactions
of different sections of a polymer, mediated by a solvent. The
transition between these two states occurs at the so-called 6
temperature, at which excluded volume and attractive forces
balance. Whereas the swollen and € phases have been well
investigated by now, the entropic scaling of the collapsed
phase is still an open issue. A closely related problem is the
scaling of Hamiltonian walks (HWs), which are SAWs that
visit all the sites of the underlying lattice. HWs are believed
to represent the 7=0 limit of collapsed polymers, and they
are also used in the studies of polymer melting [2], as well as
in the context of protein folding [3].

The number Zy of HWs on homogeneous lattices with
N>1 sites is expected to behave as

ZN -~ wN,(LISYU-Na .

(1.1)

Here o=(d—1)/d, where d is the dimensionality of the lat-
tice, g is some constant less than 1, and w is the connectiv-
ity constant, defined as
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Proposed scaling form for HWs differs from the ordinary
SAW case (swollen polymer), where the average number of
N-step SAWs, for large N, behaves as ® N, and where the
critical exponent a depends only on d (which is not the case

for HWs). The term ,ufsv “in the HW case is expected on the
basis of the exact study of HWs on the Manhattan lattice [4],
as well as on the conjecture that the collapsed polymer (glob-
ule) has a sharp boundary, so that a surface tension term
should arise [5]. The scaling form (1.1) was confirmed by
Owczarek [6] for collapsed partially directed SAWs on the
square lattice. Baiesi et al. [7] recently performed extensive
Monte Carlo simulations, which gave strong evidence that
Eq. (1.1) is also satisfied for undirected collapsed SAWs on
the square lattice. There are hardly any results for higher
dimensional lattices. To the best of our knowledge, the only
clear indication that for collapsed SAWs on three-
dimensional lattices there exists a surface term, as predicted
by Eq. (1.1), was obtained by Grassberger and Hegger [8]
via Monte Carlo simulations. There are also no results con-
cerning the scaling form for the collapsed SAWs on disor-
dered lattices. Having all that in mind it might be useful to
study HWs on fractals.

Fractal lattices are somehow intermediate between homo-
geneous and disordered ones, and their hierarchical and scale
invariant structure often allows an exact recursive treatment
of various physical phenomena. The ordinary SAW model
(corresponding to the polymer chain at high temperatures)
has been studied extensively in the past on different fractals
[9-20]. These studies contribute to a better understanding of
how dimension and topological structure of underlying space
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affect the critical behavior of SAWs in general. There are
fewer papers about self-interacting SAWs on fractals
[21-25], and neither of them establishes the explicit form of
the partition function at low temperatures. The closely re-
lated problem of finding the number of walks in the limiting
HW case was analyzed only for closed walks on some frac-
tals [26,27]. Here we investigate the scaling forms for the
number of open HWs on a set of fractal lattices.

The paper is organized as follows. In Sec. II we describe
the technique used for an exact enumeration of closed HWs
on the cases of three-simplex lattice and Sierpinski gasket
fractal, and extend it for enumeration of open HWs on these
lattices. In Secs. III and IV this technique is generalized for
enumeration of HWs on Given-Mandelbrot (GM) and modi-
fied Sierpinski gasket (MSG) families of fractals. We find
that there is no surface term in the scaling form for the num-
ber of HWs on neither of these lattices. For the number of
closed HWs on MSG fractals we show that it varies as ",
which is the same as in the case of GM fractals [27]. For
open HWs we obtain scaling form "N for both fractal
families, with @ and 7y depending on the particular param-
eters of the fractals. Furthermore, exponent y does not have
the same value for corresponding fractals from these two
families, as is the case for ordinary SAWs [10,28]. Similar
violation of the universality was found for two-dimensional
(2D) homogeneous lattices [29]. We extend our analysis to
higher dimensional n-simplex lattices in Sec. V, where the
general exact scheme for obtaining numbers of HWs is de-
scribed. It turns out that the scaling form for HWs strongly
depends on the parity of the fractal parameter n. In particular,
for lattices with odd values of n we find the same scaling
form as for HWs on GM and MSG fractals, whereas for even
n we get Zy~ o™ u " with d; being the fractal dimension
of the lattice, and different values of u for closed and open
HWs. All obtained results are summarized in Sec. VI, and
some technical details are given in the Appendixes.

II. HAMILTONIAN WALKS ON THREE-SIMPLEX
LATTICE AND SIERPINSKI GASKET FRACTAL

In order to explain the method used in this paper for ob-
taining the scaling forms of numbers of both closed and open
HWs we start with the simplest case: HWs on the three-
simplex lattice, and proceed with HWs on the Sierpinski gas-
ket.

A. Three-simplex lattice

To obtain the three-simplex lattice [30] one starts with a
complete graph of three points and replaces each of these
points by a new complete graph of three points. The subse-
quent stages are constructed self-similarly, by repeating this
procedure. After / such iterations one obtains a three-simplex
of order [ [see Fig. 1(a)], whereas the complete three-simplex
lattice is obtained in the limit /— cc. The number of vertices
within the /th order three-simplex is N,=3, and the fractal
dimension of the lattice is dy=In 3/In 2.

In Fig. 1(a) we give an example of an open HW on a
three-simplex of order /=4. Performing a coarse-graining

PHYSICAL REVIEW E 76, 011107 (2007)

C @)

2)
B()

(b)

BY B

(c) (d)

FIG. 1. (a) An open HW on a three-simplex of order /=4. The
first (b) and the second step (c) of the coarse-graining process. Gray
triangles in (b) and (c) represent three-simplices of order /=2 and
[=3, respectively, whereas curved lines correspond to the coarse-
grained walk. Different types of configurations within the third and
the second order simplices are encircled. (d) Open HW on three-
simplex of order (/+1), consisting of two A-type parts and one
B-type part within the corresponding simplices of order [ (gray
triangles).

process one notices in Fig. 1(b) that this walk can be decom-
posed into parts corresponding to the second order simplices,
which have two possible configurations: one traversing the
simplex (B-type configuration) and the other consisting of
two strands, one of which is traversing the simplex, and the
other with one end at a corner vertex of the same simplex,
and the second end anywhere within it (C-type configura-
tion). The coarse graining can be applied once more [Fig.
1(c)], leading to a HW consisting of three parts correspond-
ing to three simplices of order /=3, two of them being of the
type B, and the third consisting of two strands (“legs”), each
of them having one end-point at the corner vertex of the
corresponding simplex and the other within it (D-type con-
figuration). In a similar way, it is not difficult to see that each
open HW on the (I+1)th order simplex can be decomposed
in two ways, either as in the sample shown in Fig. 1(c), or as
in Fig. 1(d), with one B-type part and two A-type parts (one
strand with one end at the corner vertex and the other end
anywhere within the corresponding /th order simplex). If we
denote the number of open HWs on the (/+1)th order sim-
plex by Z(OM), then the following relation is valid:
Z4 = 3B0[(AW)2 4+ BODUT, (2.1)
where A(Z), B(Z), and DY are the numbers of HWSs of types A,
B, and D within the Ith order simplex, respectively. Decom-
position of closed HWs is even simpler, leading to the recur-
sion relation:
Z&D = (BOY?, (2.2)
where Z(Cl”) is the overall number of the closed HWs on the
simplex of order (/+1). Number C? of C-type HWs does not
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FIG. 2. (a) Four possible configurations of A-type HWs on a
three-simplex of order (/+1), with the corresponding numbers of
HWs. Gray triangles represent the /th order simplex. (b) Two pos-
sible A-type HWs on the first order three-simplex. Small circles
represent sites of which the lattice consists.

contribute directly to Z(OM) and Z<Cl+1), but one can obtain (see

Fig. 2) the following recursion relations:

AFD =2B%(A + C), (2.3)

B = B3, (2.4)

"D =B%(A +30), (2.5)

D™V = B(4AC +2A% + 3BD + 6C?), (2.6)

for the numbers of HWs corresponding to simplices of two
successive orders [where we have omitted index (/) on the
right-hand side of the relations]. Iterating these relations,
starting with the initial values AV=2, BW=1, cV=1, and
DW=2, one can calculate A?, BV C®, and DY for any [,
and, consequently, the numbers Z(OI+1) and Z<Cl+1). Further-
more, these relations can be exactly analyzed, as follows.
From Eq. (2.4), and the corresponding initial condition, trivi-
ally follows BY=1, which also transforms the set of rela-
tions (2.3) and (2.5) for one-leg walks A and C into a simple
system of difference equations:

=AU 43¢0,

AD — Z(A(Z) + C(l)), c+h

whose solution is

1
AV =~4'+2), C<l>=§(4’—1). (2.7)

!
3
Then, from recursion relation (2.6) straightforwardly follows
the difference equation for the number of two-leg walks D:

D(l+1) - %42}” + 3D(l)

whose solution is

4 3
DV=—16"+—3"-—

2.8
39 13 238)

Finally, putting Egs. (2.7) and (2.8), and B”=1 in formulas
for the overall numbers of open [Eq. (2.1)] and closed [Eq.
(2.2)] HWs one gets
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FIG. 3. (a) An open Hamiltonian walk on Sierpinski gasket of
order r=3. Vertices corresponding to the end-points of the walk are
colored black, for the sake of easier recognition. The first (b) and
the second step (c) of coarse-graining process. Gray triangles in (b)
and (c) represent gaskets of order r=1 and r=2, respectively,
whereas curved heavy lines correspond to the coarse-grained walk.
Different kinds of configurations within the first and the second
order gaskets are encircled.

ZY = im + 14Z+13”+l Z¥ =
16-39 3 13 3’
From the last equation trivially follows that connectivity
constant is w=1 and Z(é)= Vi for every I, whereas the num-
ber of open HWs for />1 behaves according to the
asymptotic formula

Z(Ol) — Nlln 16/In 3 — leNZy’ (29)

where N,=3'is the number of vertices of the three-simplex of
order /, and y=In 16/In3=2.523 72....

B. Sierpinski gasket

In a similar way, one can analyze HWs on the Sierpinski
gasket (SG) lattice. SG is a well known fractal lattice, which
can be constructed recursively, starting with the generator
(gasket of order r=1), which consists of three unit equilateral
triangles, arranged to form a twice larger triangle [see Fig.
3(a)]. The subsequent fractal stages are constructed self-
similarly, by replacing each of the unit triangles of the initial
generator with a new generator. To obtain the rth-stage frac-
tal lattice (rth order gasket), this process of construction has
to be repeated (r—1) times, and the complete fractal is ob-
tained in the limit r—cc. The numbers of sites on the rth
order gasket is equal to N,:%(3’+l). The SG resembles a
three-simplex lattice and indeed has the same fractal dimen-
sion d;=In3/In2. An open HW on a third order gasket is
shown in Fig. 3, together with its coarse-grained versions.
Comparing with Fig. 1 one can observe that a larger number
of types of possible HW configurations exists on the SG than
in the case of three-simplex lattice. There are exactly eight
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FIG. 4. Possible types of HWs on rth order gaskets (gray tri-
angles), needed to decompose any HW on a gasket of order r+1.

different types of walks, and they are depicted in Fig. 4. The
corresponding numbers of HWs on the rth order gasket will
be denoted by A, A, AV, BY, BV, ¢, D), and DV
These numbers fulfill the following recursion relations:

AUD =2(B2C + ABB, + A, B?), (2.10)
A"V = AB >+ 2A,BB, +2A,B> +2BB,C, (2.11)
AUV = A B, +2A,BB, + B,>C (2.12)

2 =A1D 2 1 1 ’ °
BV =2BB,, B(I’+1)=2BB%, (2.13)
C"*V=AB>+2B(A\B, +A,B +3B,C),  (2.14)

D+V = 4AB,C + 4ABA, + 4A,BC + 4BB\D + 4AB A,
+2B(3C*+2BD, +AY), (2.15)

D\"*V = 4A,A,B + 2AA,B, + 2A,CB, + 4BB\D, + 4A,CB

+3C?B,+A’B, +B,"D, (2.16)

with the initial values: AV=4, A\"=6, AV=3, BV=3, B\
=2,CW=4, D=6, and D<1)—5 Iteratlng recursion relatlons
(2.10)—(2.16) one can calculate numbers of all possible types
of HWs, in princ1ple for any r, and then eventually find the
overall number Z ) of open HWs on the (r+1)th order
gasket, by putting them into the formula

z5 =124,"4,"B," +6(B,")?D,".  (2.17)
However, this is a tedious task, since all of these numbers
quickly become extremely large. To avoid that, we analyze
recursion relations in a similar manner as was done for the
three-simplex lattice.

Introducing new variables: x, A(’)/B(’), X —A(r)/B
x3,=AY/B"), y,=C"/BY, ¢ =D/BY, 2, ’>/B<’>, and
noticing that Br)/B(r =2/ 3 is exactly satlsﬁed for any r,
from Egs. (2. 10) (2.16) one gets the new recursion relations:
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FIG. 5. Values of (In Z(Or)/N,, found by direct numerical iteration
of relations (2.10)—(2.17), for 21 <r<230. The line connecting the
points has been obtained by linear fitting, and w=12.

3 3
1 - 0 =
2 2
x' 1 3 X
, -1 -1
Xy 3 2 X1
L= i 1 , (2.18)
X
X2 0 - 1 - 2
y' 3 30\
1 3
-1 -3
3 2
, 2 3 f:
z Z
(,): 1 ( )+(1), (2.19)
21 g 2 21 f2
where
3, 9,
f1=2xx; + Exl + 3xx, + 2xy + 3xy + Ey ,
1, 3,
fr= Exl + XXy + 3xx + X1y + 3%,y + Ey .
From Eq. (2.18) for r>1 follows x,, x;,, X2,, ¥,~\", where

A=4 is the only eigenvalue of the 4 X4 matrix of this recur-
sion relation which is larger than 1, and then, from Eq.
(2.19), we find z,,z;,~4%".

To obtain the asymptotic formula for the number of open
HWs, we express Z(Or”) from Eq. (2.17) as

OO

Z(r+1 e

(B")’(3x) %, +71 ).

L:J

Since in [27] it was exactly shown that B"”)=const ", with
=12"°, one finally gets the scaling form: Z(Or) ~ riNZ, with
v=In16/In3=2.523 72.... For the sake of comparison, we
have generated Z< by dlrect numerlcal iteration, for r up to
100. In Fig. 5 we depict (In Z )/ N,, as a function of
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(InN,)/N,, for 21<r=<30. As one can see, the value of
(In Zg))/ N, for this range of r is quite close to In w, whereas
by fitting these data to a linear function one obtains approxi-
mate value: yy,=2.3. For a larger number of iterations yy;
becomes closer to the exact value of 7y. For instance, fitting
the numerical data for 91<r=<100 gives (y-y,)/ y=2%.

The scaling form obtained for the number of open HWs
on the SG is the same as the one found for the three-simplex
lattice. As was shown in [27], the numbers of closed HWs on
the SG scale as w7, again the same as in the case of three-
simplex. The equality of the exponents for the SG and three-
simplex is in accord with the fact that SAWs on these two
lattices belong to the same universality class [28]. On the
other hand, it is known that exponents for HWs on different
2D Euclidean lattices have different values [29], which is
explained to be a consequence of the frustration, induced by
the strong constraint that all the sites must be visited. It is
believed that a relevant physical measure of this frustration is
the number of contacts per monomer, i.e., vertex pairs which
are not adjacent along the HW, but are the nearest neighbors
on the lattice. Nevertheless, the number of contacts on the
three-simplex is 1, whereas it is 2 on the SG, so that one
could have expected different values of . In order to gain a
deeper insight into the problem of universality and frustra-
tion of HWSs on lattices embedded in 2D space, in the next
two sections we analyze the asymptotic behavior of HWs on
the appropriate generalizations of three-simplex and SG frac-
tals.

III. HAMILTONIAN WALKS ON GIVEN-MANDELBROT
FRACTALS

One possible way to generalize the SG fractal is to start
with a generator that consists of b(b+1)/2 unit equilateral
triangles, arranged to form a b times larger triangle. Enlarg-
ing the generator b times and substituting the smallest tri-
angles with the generator, and then repeating this procedure
recursively ad infinitum, one obtains a fractal lattice charac-
terized with the integer b. For b=2,3, ..., the complete so
called Given-Mandelbrot (GM) family of fractals is obtained
[31]. The SG is the first member of this family, with the
scaling parameter b=2. The fractal dimension of the GM
fractal with scaling parameter b is equal to d;=In[b(b
+1)/2]/In b, and the number of sites N, at the rth stage of
fractal construction is

_b+4 b(b+1) ’+
" b+2 2

b+1
b+2

(3.1)

The overall number of open HWs on the (r+ 1)th stage of
construction of any GM fractal can be expressed in terms of
numbers of eight HW types within the rth order stage, in a
similar manner as in the case of SG (Fig. 4). Recursion re-
lations for numbers of B, and B;-type walks on two succes-
sive stages of fractal construction have the following form:

B’ =pBb<b_])/2+lBlb_], Bi =pBb(b—l)/ZBll7, (3.2)

as was shown in [27], whereas the numbers of one-leg con-
figurations, A, A, A,, and C, satisfy a closed set of recursion
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relations, which can be put in matrix form as

I
A app dypp a4 dyp A
li
A Ap) dpy A3z dpy Ay
.= s (3.3)
A, az; Az azy A Ay
c’ ag) dgp dy43 Ay C

where a;; are polynomials in B and B, ") In Appendix A
we prove that each of these polynomlals has only one
term, which is of the form Kij[B(’)]B[B(lr)]é, where B+6
=b(b+1)/2~1. The coefficients K;; depend only on b, and
each of them can be expressed in terms of the number p
[appearing in Egs. (3.2)], and an additional eight numbers:
a,a,,a,c,a’,ay,ay,c’. Introducing new variables: x,
=AW/BV, x, —A(’)/B(’) %3, =AY /B"), y,=C" /B, relation
(3.3) gives the new recursive relatlon

a a, a, c
P Pp
x' t2a-p) a ay+p ¢ X
x,' 2p p tpp X
X, - (a—p) ait ay+2p ct x|’
y' 2p 2p 2p  2p y
at a4
p p P

(3.4)

where t=B(1r)/ B") is a coefficient that depends only on b, as
can be seen from Eq. (3.2). The particular values of the co-
efficients appearing in the last 4 X 4 matrix, for 2<b <7, are
given in Appendix A. For all b considered here, this matrix
has only one eigenvalue A\ larger than 1, implying that for
r>1 parameters x,, X,, Xp,, and y, grow as N’, and conse-
quently, numbers A", Al(r), Az(r), and C") asymptotically
behave as N'B"".
Numbers of two-leg HWs satisfy recursion relation:

(o )=o) o)+ )
| = + ’
D, by by/ \Dy F
where b;; are polynomials in B and B(lr) of the power
b(b+1)/2-1 (see Appendix B), whereas F and F, are
Of the fOrm dAAA +dAA AA1+dAA AA2+dAcAC+dA AAI
+dA A A A2+dA CA C+dA A A2+dA CA2C+dCCC Wlth dxy
bemg polynomlals in B(’ and B(r of the power b(b+1)/2

—2. With new parameters deﬁned as z,=D"/B") and z,,
=D,"/B"Y, from Eq. (3.5) follows a simpler recursion rela-

tion:
= + ’
21 My Mpy/ \Z) fi

where m;; are numbers which do not depend on r, but
only on b, whereas f and f; are polynomials in
X, X1 Xa, and y,. In particular, it can be shown
that m11=m+1, m12=2n/t, m21=mt/2, m22=n+1, with
m=b(b—1)/2, and n=b-1, whereas f and f; have
the form axxx2+axxlxx]+axx2xx2+axyxy+axlxlx%+axlx2x,x2

(3.5)

(3.6)
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+ax1_\,x1y+aX2x2x§+ax2yx2y+ay_\,y2, where ayy are again num-
bers depending only on the scaling parameter b. It turns out
that for all b considered here \? is larger than eigenvalues \
of the matrix m;;, implying that z,, z;,~\*".

The number Zgﬂ) of open HWs on the gasket of order
(r+1), can be expressed as

Z8) =k AA BB + kyAALB" 2B + k3A1A,B" ' B!
+k,ACB" B! 4+ ksACB" B! + keA,CB""'B"!
+ksA’B" 4B + keA’B" 2B + koAZB" B!
+kioC*B"*B}*' + k;,DB"*B\** + k;,D,B""'B}*',

(3.7)

where we have suppressed the index r on the right-hand side
of this relation, and k; are numbers that depend only on b.
Substituting the established asymptotical behavior of A;, C,
and D; in the latter expression, one finds that all terms on the
right-hand side of Eq. (3.7) have the same asymptotical
form, so that

Zg+l) — )\Zr(B(r))b(b+l)/2

Since in [27] it was shown that numbers B"”) and B(I’) for
large r behave as w"r, where the number of sites N, is given
by Eq. (3.1), it follows that

In N(b)

70~ VN7, with y=2——2
o T @ WY=L b+ )2

(3.8)
The values of y for 2<b<7 are equal to 2.5237...,
2.1841..., 2.3411..., 2.2461..., 2.2981..., and 2.2755..., re-
spectively. One should mention here that the number of
closed HWs asymptotically behaves as Z(cf) ~ wr, as was es-
tablished in [27], where also a closed formula for @ was
derived.

IV. MODIFIED SIERPINSKI GASKET FRACTALS

Intrigued by the fact that scaling relations for the numbers
of HWs, as well as the corresponding values of the critical
exponents, are the same for three-simplex and SG lattices
(Sec. II), here we examine HWs on modified Sierpinski gas-
ket (MSG) fractals. In particular, the only difference between
the GM fractal and the corresponding MSG fractal (with the
same value of scaling parameter b) is that the generator of
the MSG fractal is obtained by arranging b(b+1)/2 unit tri-
angles in such a way that vertices of neighboring triangles
are connected with an infinitesimal junction, i.e., not glued,
as in the GM case (see Fig. 6). This insertion of junctions
simplifies the recursive scheme for counting HWs: instead of
eight different types of walks in the case of GM fractals, one
should consider only four types of walks in this case.

Any closed HW within the (r+1)th order generator of
MSGs can be decomposed into b(b+1)/2 strands, each of
them being a B-type HW within one of the b(b+1)/2 rth
order triangles inside it. Here, the B-type HW has the same
meaning as in the case of three-simplex lattice, i.e., it is a
HW that enters a generator at one of its corner vertices, and
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FIG. 6. (a) The (r+1)th order generator of the GM fractal with
b=4. Gray triangles represent its ten constitutive elements, each of
them being the rth stage of construction of the fractal (rth order
generator). Most of the corner vertices (black circles) of the rth
order generators belong to more than one triangle. (b) The
(r+1)th order generator of the MSG fractal with b=4 is obtained by
connecting rth order generators (gray triangles) via infinitesimal
junctions. Curved lines represent two similar B-type HWs which in
(a) case consists of B and B; type strands within the rth order
triangles, whereas in the (b) case each strand within the rth order
triangle is of B type, implying that all vertices within the triangle
are visited (including the third corner vertex).

leaves it through another one, meanwhile visiting all the re-
maining vertices, including the third corner vertex (see Fig.
6). The recursion relation for the numbers of B-type walks is
of the form

B(r+1) — q(B<r>)b(b+1)/2, (4.1)

where ¢ depends only on b, and, consequently, for > 1, the
number B") behaves as

B ~ [qZ/(b—l)(b+2)](h(b +1)/2)" (4.2)

The number of closed HWs on the (r+1)th order generator
Z(C’”) is equal to

ZU*D = const(BM)PE+D2,

meaning that Z(Cr) has the same asymptotic form as B"). Since
the number N, of sites on the rth order generator is equal to
N,=3[b(b+1)/2], for large r one gets the following scaling
form:

2/3(b-1)(b+2)

Zg) ~BY ~ oV, with w=¢ (4.3)

Values of g and w for 2<b =38 are given in Table 1.
The number Zgﬂ) of open HWs on the (r+1)th order
generator is equal to

ZgtV = B2 (1 A% 4 koA C + k3 CP + kyBD),

where A=A(’), B=B(’), C=C(’), and D=D") have the same
meaning as in the case of the three-simplex lattice, and k; are
some constants depending only on . Numbers A and C for
two consecutive stages of MSG fractal construction satisfy
the recursion relation:

(A’>=(B(r))b(b+1)/z_1(a c) (A)
C’ Cl, C’ c S

where a, ¢, a’, and ¢’ depend only on b, and can be found by
enumeration of the corresponding one-leg HWs (see Table I).
Dividing this relation by recursion relation (4.1) for the B

(4.4)
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TABLE 1. Coefficients ¢, a, ¢, a’, and ¢’, appearing in recursion 2.6

relations Eq. (4.1) and (4.4), for the numbers of B-, A-, and C-type Y
HWs, found by direct computer enumeration of all possible corre- *
sponding configurations, together with the values of connectivity
constant w and exponent y for open HWs on MSG fractals with
2<b=<38. 24

' A
b q a c a' ¢’ ) y A Y

Aw
2 2 2 1 3 1 2.52372 *
3 2 6 10 4 8 1.04729 2.12343 X
4 4 24 42 20 40 1.05269 2.3816 2.2
5 16 134 228 116 196  1.06824 2.23644
6 68 932 1460 886 1408 1.07286 2.32218 )
7 464 8656 12524 8372 11604 1.07875 2.27302
8 3838 101612 133764 103258 133428 1.08177 2.29907 1.6+ OoO
° 5
o

numbers, and introducing new variables x,=A")/B") and 14 o
y,=C"/B", one gets

X, 1fa ¢ X,
N 0 [ SRS
e/ q\a" ') \y,
implying that for r>1 parameters x, and y, behave as \',
where
1 —
=—J[a+c" +V(a—-c")?+4ca'] (4.6)
2q
is the larger eigenvalue of the 2 X 2 matrix in Eq. (4.5).
The number D) of two-leg HWs transforms as

D' =B V22, A? + d, cAC + dC* + dpBD),

which, with z,=D(’)/B(’) can be rewritten as

T4l = l(dAA)Cf +dycx,y, +decyy) + d_DZr- (4.7)
q q

In a similar way as was done for two-leg walks in the case of
GM fractals (Appendix B) it can be deduced that dp/q
=b(b+1)/2. Then, Eq. (4.7) implies that the large r behavior
of z, is governed by the larger of numbers A’ and
b(b+1)/2. By computer enumeration of all possible one-leg
configurations we found that inequality N>>b(b+1)/2 is sat-
isfied for 2<b <8, so that z,~\%".

With the established large r behavior of x,, y, and z,, and
consequent behavior of AD " and DV, together with the
previously found relation (4.3) for B"), it is not difficult to
find out that scaling form for overall number Z(Or) on the MSG
fractal is the same as in the case of the corresponding GM
fractal (3.8), but with different values of w and \. Conse-
quently, the only exception—equality of the values of y for
three-simplex and SG fractals (b=2 case of MSG and GM
fractals, respectively)—seems to be accidental. Indeed, this
exception is also an indication that the number of contacts
per monomer is not the only relevant physical measure of
HWs frustration.

The particular values of the connectivity constant w and
the exponent y for MSG fractals with 2<b =<8 are given in
Table I, whereas in Fig. 7 we depict y as a function of 1/b,

1/b

FIG. 7. Values of the exponent y appearing in the scaling form
Zo~ "N found for the number of open HWs on GM (V) and
MSG (A) fractals, together with the corresponding values for
SAWs (O) on the same fractal families [10], as functions of the
reciprocal of the fractal parameter b.

for both GM and MSG fractals. One can see that 7y is not a
monotonic function of b, which has not been found for any
of the critical exponents connected with SAWs on these frac-
tal families [10,14,15]. For the sake of comparison in the
same figure we give the corresponding values of y for open
SAWs [10], which are the same for GM and MSG fractals
with equal b. In addition, one can also observe that values of
vy for HWs are separated in two groups: for even values of b
exponent y decreases when b grows, whereas for b odd 7y
increases with b. This, however, resembles the behavior of

the exponent ¢, appearing in the scaling form AVu" for the
average number of different configurations of a branched
polymer of N bonds on GM fractal with b>2. Namely, for
even and odd values of b in a recent paper [32], Dhar ob-
tained two different exact expressions for . Finally, it is
clearly seen in Fig. 7 that the difference between 7 values for
GM and MSG fractals becomes smaller with larger b, so it
seems plausible to investigate HWs only on MSG fractals
(which is simpler than GM case), in order to obtain the large
b behavior of the exponent 7y. This limit is interesting be-
cause for large b already at the first stage of the construction
of the GM fractal, one gets a finite, but large, homogeneous
triangular lattice, for which the asymptotic form of the num-
ber of HWs has not been established yet.

V. N-SIMPLEX LATTICES

In order to extend our analysis to higher dimensional lat-
tices, in this section we turn to n-simplex fractals with n
>3, which are embedded in d=n—1 dimensional Euclidean
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n=4

AA A 1
Q@QQQ

299948
PRRALEN

FIG. 8. All types of HWs needed for determining the connec-
tivity constants and asymptotic forms of the numbers of HWs for
n-simplex lattices with 3=<n=<7. Gray polygons denote n-simplex
of order [.

spaces. To obtain an n-simplex lattice [9] one starts with a
complete graph of n points and replaces each of these points
by a new complete graph of n points. The subsequent stages
are constructed self-similarly, by repeating this procedure.
After [ such iterations one obtains an n-simplex of order /,
which consists of N,=n' points. The complete n-simplex lat-
tice is obtained in the limit / — . The fractal dimension d of
n-simplex lattice is equal to d;=Inn/In2.

A. Closed HWs

Any closed HW on n-simplex of order /+1 can be decom-
posed into n parts within its n simplices of order . Parts
(steps) of the walk within the simplices of order [ can be of
[n/2] different types (see Fig. 8), and we shall denote the
numbers of corresponding HWs by B;,B,,...,B[,»). The
overall number of closed HWs is equal to

[(n-1)2]
Z(é+l) — E

I By, .1
[+ =+ (- 1)2]F1 J=1

’1 iy’ ’[(n 1)/2]

where ¢; is the number of closed HW configura-
iyiy ’[( -1)/2]

tions with iy, ...,7[(,-1)2] steps of By,...,B[,_1)2] type, re-
spectively. Numbers B; satisfy a closed set of recursion rela-
tions:

[n/2]

pHV=" > p . [ By
i i’

. - 0 2]
L J=1

i=1,2,....[n2], (5.2)

where bf)l is the number of HW configurations of B,

type that traverse the simplex of order (I+1), and have
i1 .- i) Steps of By, ..., B[, type, respectively. Due to

the self similarity of the underlymg lattice both Ciiy if(o1y2)
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(i)
lll l[ ]
ues B(O) 1, B, ©_ “’-BES)Z]—O, one can iterate recursion re-

and b; depend only on n. Starting with the initial val-

lations (5.2) and calculate B; ") and Z(Cl), in principle for any /,
but since all these numbers grow very fast with /, it is useful

to introduce new parameters: x;=B;/B,;}, i=1,...,[n/2]

—1. Dividing relations for Bl.l”) by Bff;zl]) one obtalns new

recursion relations:

! !
(1) _ Fas - xf) 5.3
i w0, 0 (5.3)
S, - Xn2l-1
where
£, ) = BB )"
F, ) = B B,)", (5.4)
i=1,...,[n/2]-1. Tterating these relations (starting with

I= 1) one notices that large / behavior of xl(.]) strongly depends
on the parity of n. It turns out that for odd n values all xl(.l)
tend to some finite constants, whereas for even n the follow-
ing asymptotic relations are valid:
ol
~ O\, =1, .

k-1, (5.5)

where k=[n/2] and \g is some finite constant less than 1.
Such behavior is a direct consequence of the fact that for
even values of n none of the B|,B,,...,B;_; type configura-
tions within a simplex of order (/+1) can be accomplished
by n steps of B type through comprising n simplices of
order [ (see Appendix C), which is not the case for simplices
with odd n, because B; type steps occupy even number of
corner vertices of any simplex.

With the established large / behavior of numbers x; it can
be shown that from Eq. (5.1) follows

(B,

()\12;3]((’))", for n even.

) for n odd,
c

(5.6)
Although these two asymptotic forms are not the same, from
the definition (1.2) of the connectivity constant @ in both
cases one gets

In ZY
In w=1im nl =
|—»o N [—o n

In B[n/z]
! .

The last limiting value can be obtained via numerical itera-
tion of the recursion relation

InB"*Y 1n B(l) 0
2 lnf(x]

xk_,) (5.7)

n

which follows directly from Eq. (5.4). Furthermore, from Eq.
(5.7) one has

1
mBY B 'C "
=7 S ] lnf(x( L

m=1 T

nP xk—l)

which, with p— e, gives
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In B,(f) S
n! +2 il 1nf(x('”) . xl(c’:l{

m=[

Inw=

Then since f(x , xk 1) decreases with m, it follows that
n'ln w— const<lnB,(()<n In w, ie., lnB()~n’1n w. Using
this, together with (5.6), for the numbers of closed HWs one
finally obtains the scaling formulas

) oM, for n odd,
C T Ny r2ANT (5.8)
™M\ YV, for n even,
where o-:ﬁ—L with d; being the fractal dimension of the

n-simplex lattrce Scaling forms and particular values for @
were found in [26] for n=4, in [27] for n=5 and 6, and for
n=7 in Appendix C of this paper.

B. Open HWs

Any open HW on n-simplex of order (/+ 1) can be decom-
posed into n parts within its n simplices of order /. The two
ends of the HW are either both in the same or in two differ-
ent /th order n-simplices. In the first case the configuration of
the corresponding HW part is of the two-leg type, whereas in
the latter case the configurations of both ending parts are of
the one-leg type. For each n there are n—[n/2] different
types of one-leg configurations (for 3<n<7 they are de-
picted in Fig. 8). The remaining (n—1) or (n—2) parts of the
open HW correspond to B; type steps. If we denote the num-
bers of one- and two-leg walks by Afl) and Dfl), respectively,
then the overall number of open HWs on n-simplex of order
(I+1) is equal to

n—[n/2] [n/2]

zg= 2 EAYAY + E F.DY, (5.9)
i,j=1
where
[n/2]
- (U) (D)yi,
E;= > €iiy i, /2JH (B,")'r,
251/12]1',=n—2
[n/2]
H BY)", (5.10)

12 ’[n/2]

F= 2 fi.

E[n/Z]l =n—

with coefficients e and f being the numbers of corresponding
HW configurations. Numbers A ) of one- leg walks satisfy
recursion relations which can be put in the following matrix
form:

—_
—_—
=
=

ay ta
o=l o C, (5.11)
ALH-I) a

I+1
AlD

S

pl 174 P

where p=n—[n/2], and
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[n/2]

a;= > o 11 BY),
r=

l 1
E["/Z] 12 )

(5.12)

i,=n-1

with « being constant coefficients. Introducing pa-

lll l[/

rameters y;=A;/ B}, i=1,...,p, and dividing relations for

A(l+1 by B[H/;]) one gets recursion relations for the new pa-

rameters:
I+1 I
y(1+ ) myp cttomyy, y(1)
o=l o c, (5.13)
y;lﬂ My o my, yI()I)
where
(Bl’ ’B[n/2]) gij(x]’ s Xpp)
m = b
a S, . ’xk—l)(B[n/Z])n_l JGep oxie)

with g;; being polynomials of order n—1, whose coefficients
depend only on n, and f defined in Eq. (5.4). Numerically
iterating relations (5.3) for x;, and substituting them into
functions m;;, after a large number of iterations one obtains
constant values, such that (i) for odd n, matrix m;; has only
one eigenvalue N\ larger than 1, implying that y<1)~)\’ and
(i1) for even values of n only m,,— 1, whereas all other
m;;— 0, implying that y ) tends to finite constant value,
whereas all the other y<) tend to O.

Knowing the behavior of parameters ¥, , one can get the
large [ behavior of the numbers A , and, consequently, the
asymptotic form of the first sum in the right-hand side of Eq.
(5.9). In addition, it can be shown that numbers of two-leg
configurations D; are not necessary for estabhshrng the as-
ymptotical behavior of Eq (5.9) (terms with D ) either scale
as terms with A(Z)A or they are much smaller) For
n-simplex lattices W1th odd n all terms with A, DAY have the
same asymptotical behavior, whereas for even n behavior of
Z(Ol+ ) is governed by the term with (A(l))2 In both cases the
following asymptotical formula is Vahd

0

zg) ~ (Y,(f))z(xfg/z]-1)"_2(BEQ/2])"7
which, with obtained behavior of y(p and x[nm o directly
gives
In\
WVINY, y=2—o) for odd n,
0 Inn
Zy ~ n
th(xg‘2>’2)W, o=——, foreven n.
In
(5.14)

Details of the derivation of these formulas can be found in
Appendix C. A value of y=2.5237... for n=3 was found in
Sec. II, whereas for n=5 and 7, exponent 7y is equal to
2.1668... and 2.1079..., respectively.

As in the GM and MSG fractal cases, one observes that
the behavior of the number of long HWs on n-simplex lat-
tices is strongly affected by the parity of the fractal param-
eter. For lattices with odd n scaling forms are the same as for
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TABLE II. Asymptotic behavior of the numbers of open and
closed numbers of HWs on lattices with N sites. Values of w, N\,
and vy are given in the text, and d; is the fractal dimension of the
corresponding lattice.

Lattice Closed HWs Open HWs

All GM and MSG fractals
n-simplex with odd n oV "N

. . 1/d — 1/d,
n-simplex with even n V(NN wN()\g’ DIy

GM and MSG fractals. This scaling form coincides with the
scaling forms for average numbers of N-bonded SAWs on
these lattices: with commonly accepted symbols for critical
exponents, the average number of closed SAWs scales as
uNNe=3, whereas for the average number of open SAWs the
formula uVN?~! is valid (these are the same formulas as for
SAWSs on homogeneous lattices). Comparing these formulas
with those obtained for HWs (and keeping in mind that for-
mulas for HWs correspond to the overall numbers of HWs),
one can say that the corresponding value a=2, obtained for
closed HWs on all these lattices, certainly differs from the
values obtained for SAWs [9,10,12]. The same holds for the
exponent 7y, meaning that HWs and SAWs belong to differ-
ent universality classes (see Fig. 7). For HWs on n-simplex
lattices with even n we obtained different scaling forms:
a/\'()\'l';/z)l\’(r for closed, and wN()\g,_z)/z))No for open walks.
However, one should note here that, whereas polymers on
GM, MSG, and five-simplex fractals for 7> 0 can exist only
in the swollen phase, on four- [22], and six-simplex [24]
lattices, below some finite temperature 7/p>0 polymers col-
lapse into a more compact phase. Scaling of collapsed poly-
mers has not been analyzed so far, and behavior of HWs
might be an indication that on n-simplex lattices with even n,
for T<T, polymers do not scale in the same manner as they
do for T>T,.

VI. SUMMARY AND CONCLUSION

In this paper we have analyzed asymptotic behavior of the
numbers of open and closed Hamiltonian walks on Given-
Mandelbrot, modified Sierpinski gasket, and n-simplex frac-
tal families. Obtained scaling forms are summarized in Table
II.

One can see that scaling form (1.1): ZN~wN,u§’UN“, pro-
posed and obtained for some homogeneous lattices with
large number of sites N, is satisfied for all fractal lattices
under consideration, but, with at least one of the exponents o
and a being equal to 0. For HWs on GM, MSG, and
n-simplex lattices with odd n scaling form is " for closed,
and w"N” (y>0) for open walks, i.e., exponent ¢ formally
may be taken as 0. This value cannot be obtained with a
simple generalization of the formula o=(d—1)/d, valid for
d-dimensional homogeneous lattice, but it can be explained
following the original argument of Owczarek et al. [5],
which led to Eq. (1.1) for collapsed polymers on homoge-
neous lattices, namely, a collapsed polymer chain on a ho-
mogeneous lattice has the form of a compact globule, with a
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sharp boundary separating it from the surrounding solvent.
Monomers on the boundary have a smaller number of con-
tacts with other monomers than those in the bulk of the glob-
ule, so that a factor ,ugs, with Ng being the number of mono-
mers on the boundary, should appear in the scaling form.
Furthermore, if one assumes that the boundary itself is a
homogeneous surface, then Ng~N@ D4 where N is the
number of monomers in the polymer chain. The crucial point
of this argument is the existence of two sets of monomers
with a different number of contacts. For HWs on both the
three-simplex lattice and the Sierpinski gasket (MSG and
GM with b=2, respectively), monomers at all sites, except
for the three outer vertices of the lattices, have the same
number of contacts (see Figs. 1 and 3), so that the “surface”
factor with nontrivial o cannot arise. For GM fractals with
b>?2 it can be shown that on the rth stage of fractal con-
struction there are N {[b(b+1)/ 2]"—1} “bulk” mono-
mers with four contacts, whereas N(s —-3=N" N() 3 sur-
face monomers, with N(’ given by Eq. (3.1), have two
contacts. This means that for ¥> 1 both N( and N( scale as

’)~[b(b+1)/ 21", so that u§* can be 1ncorp0rated into the
term ", or formally one can put o=0. For HWs on MSG
fractals with b>2, as well as on n-simplex lattices with odd
n, all sites have the same coordination number (except for
the finite number of corner vertices of the whole lattice), and
consequently all monomers have the same number of con-
tacts. Hence the argument of Owczarek et al. for these lat-
tices also gives o=0. However, the presence of the stretched-
exponential term (\7%)V "I for closed, and ()\g’_z)/z))N Y for
open Hamiltonian walks on n-simplex lattices with even n,
cannot be a consequence of surface effects, since all the sites
of these lattices also have the same coordination number.
This means that there is some additional effect that should be
considered in order to explain the obtained scaling forms. It
is not clear what that effect is, but one should notice that for
[th order n-simplex N, 11/ 4r=2! which is equal to the linear size
of the lattice. Also, some clue about it can be achieved by
careful inspection of the differences between the asymptotic
behavior of the requisite numbers of HWs for lattices with
even and odd values of n. For instance, for odd »n the num-
bers of long B;-type HWs fulfill the relatlon B(l)~B(1

[51)/2]’ whereas for even n the number B 2 is much larger

than any other Bl(, ). Hence one can expect stretched-
exponential terms in scaling forms for HWs on lattices on
which “entangled” configurations are more probable. This
bears some analogy with the square lattice, for which it was
found that a large fraction of monomers participate in sec-
ondary structures [33].

To conclude, we can say that the exact recursive tech-
nique, used in this paper for enumeration of all possible
Hamiltonian walks on the Given-Mandelbrot, modified Sier-
pinski gasket and n-simplex fractal lattices, proved to be
very efficient for open, as well as for closed, walks. Recur-
sion relations for the number of different types of compact
configurations in simpler cases could be obtained by direct
enumeration of the corresponding walks, whereas for lattices
with more complicated structure we used appropriate com-
puter programs. Once recursion relations were established, it
was possible to generate and analyze numbers of very long
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HWs, eventually obtaining their asymptotical behavior. We
believe that obtained scaling forms can help in better under-
standing of real compact polymers, therefore we intend to
apply this technique to HWs on fractals embedded in three-
dimensional space, in particular on 3D generalizations of
GM and MSG fractals. It would also be interesting to extend
the method to interacting HWs. Finally, we hope that our
results might be useful in finding scaling forms for the col-
lapsed phase of interacting self-avoiding walks on fractals
for which the transition from swollen to collapsed phase oc-
curs at T4>0.
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APPENDIX A: RECURSION RELATIONS FOR ONE-LEG
HWs ON GM FRACTALS

In this appendix we prove that numbers of one-leg HWs:
A, Ay, A,, and C, on Given-Mandelbrot fractals, satisfy re-
cursion relations of the form

A'=aAB"B} +a,A\B""'B{™" + a,A,B"B} + cB"' B! C,

Al= (a - %)ABM_IBer +aA{B"B} + (a, + p)A,B™' B!
+c¢B"BC,

4P

a a
Ay =—"AB"2B!*? + EIAIB’”“B’{” + (52 + p)AzBmB'f—l

+ %B’"‘IB’I’”C, (A1)
where p is the number of B type (or B; type) configurations
within the (r+1)th order generator [see Eq. (3.2)], whereas
a, a,, a,, and ¢ are some integers depending only on the
scaling parameter b of the fractal, and m=b(b-1)/2,
n=b—1. In order to do that, we first notice that all configu-
rations of B type can be divided in four sets, regarding the
last step (“step” is here a part of the walk within the rth order
generator), as is sketched in Fig. 9(a). The number of con-
figurations within each set is denoted by n;, so that n;+n,
+n3+ny=p. Each of the configurations from any of these
four sets can be transformed into one A type configuration by
cutting the last step. In such a way, if the last step was B type
it is converted into an A type step, whereas a B, type step is
converted into an A; type step. The number of configurations
obtained in this manner, contributing to AT+ should be
doubled, due to symmetry (there are two corner rth order
generators in which an A type walk can terminate). This
means that (n2+n4)(B(’))'"+1(B(1r>)” HWs of B type on
(r+1)th order generator can be transformed into

PHYSICAL REVIEW E 76, 011107 (2007)

B, 2 2

}’l,BW‘B,” nzBmﬁB‘n ngB”HBf }’QBWHB‘”
A(m) .
2n,B”HB,""A, anBmBluA ZWJB”HIBIHV‘AI 2n4B'"B,”A

FIG. 9. (a) Possible configurations of B type HWs on (r+1)th
order generator of GM fractal, and corresponding A type HWs,
together with the corresponding numbers of walks. Small upward-
oriented triangles represent the rth order generators. Encircled
nodes are the corner vertices which are not visited by the corre-
sponding HW. (b) Possible types of A type HWs which terminate in
interior rth order generators.

2(n2+n4)(B(’))’”(B(]r))"A(’) HWs of A type on the same gen-
erator. The remaining (n 1+n3)(B(’))m+1(B(lr))” HWs of B type
on the (r+1)th order generator can be converted into
2(n,+n3)(BY)™1(B)14") HWs of A type [Fig. 9(a)].

In addition, an A type configuration can have its last step
in an interior rth order generator, and, as can be seen in Fig.
9(b), that step can be of any of the four possible one-leg
types. The number of such walks with the A type end is of
the form nA(B(’))"(B(Ir))]A(’), where k and [ are numbers of B
and B, type steps, respectively. Numbers k and / must satisfy
the equation k+I+1=b(b+1)/2, because every rth
order triangle must be traversed by HW, and also k+2/+1
=(b+1)(b+2)/2-2, because every corner vertex of every
rth order generator within the (r+1)th order generator, with
the exception of two outer vertices, must be visited. The only
solution of these two equations is k=m, [=n. In a similar
way one can obtain the numbers of walks with the A, A, or
C type end in interior rth order generators, so that the num-
ber A"+ is equal to

A"V = (2ny +2ny+ 1y )BT BIT'A,
+ (2”12 + 2n4 + VlA)BmB}iLA + VlA2Bm+2B’ll_2A2
+ncB™'BIC.
On the other hand, from Fig. 9(a) it is quite obvious that
ny=n, and ny=ny, implying that n;+n3=n,+n,=p/2, and
consequently
A = (p+ny)B"BIA + (p + 1y ) B™ B TA,

+ nAzBm+zB}il_2A2 + ncBm+lBl]1_] C. (A2)
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FIG. 10. Possible configurations of A; type HWs on (r+1)th
order generator of GM fractal, which terminate in (a) the right
corner and (b) the upper corner rth order generator, together with
the corresponding numbers of walks.

In a similar way, both A; and A, type configurations
within the (r+1)th order generator can be divided in two
classes: (i) configurations terminating in some interior rth
order generator, and (ii) configurations terminating in one of
the two possible corner rth order generators. The number of
A, type configurations in the first class is the same as in the
corresponding case of A type configurations, and the only
difference between such A and A type configurations is that
the B step through one corner triangle should be replaced by
a B; step. These configurations then give rise to terms
naB" "B A+n, B"BIA+n4,B" ' BT Ay +ncB"BC in the
relation for A -+ The number of A, type configurations in
the first class can be obtained from the corresponding A type
configurations by dividing their number by 2 (because it is
predefined in which order the corner vertices are visited) and
substituting the two corner B steps by B, steps, thus leading
to terms  (nyB"?BI*2A+n, B"'BI*'A|+n,,B"BI'A,
+ncB™ ' BI*1C)/2 in the relation for AV

As for the second class, let us first consider A; type con-
figurations which visit the upper corner vertex [Fig. 10(a)],
and terminate in the right corner triangle. Each of them can
be obtained from exactly one B, type configuration, by con-
verting the last B or B; step through the right corner triangle
into A or A, step, in a similar way as was done in the case of
A type configurations [B; type configurations can be parti-
tioned in the same way as B type configurations in Fig. 9(a),
with the only difference that the B step through the upper
corner triangle is substituted by a B; step]. In addition, A,
type configurations that visit the upper vertex can terminate
in the upper triangle, implying that the last step is of A; or A,
type, whereas the step through the right corner triangle is of
type B. In Fig. 10(b) it is shown how these configurations
can be obtained from B type configurations. Finally, one ob-
tains a recursion relation for A; type configurations in the
following form:

A; = (g + nA>Bm_1B'iH—1A + (p + nAl)BmB}ilAl

+(p+n,)B"™'B" Ay + ncB"BIC. (A3)
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FIG. 11. Possible configurations of A, type HWs on (r+1)th
order generator of GM fractal, with the ending step in the corner rth
order generator.

Since in the case of A, type configurations the order in
which corner vertices are visited is fixed, corresponding
walks from class (ii) can terminate only in one of the two
corner triangles, let us say in the right corner one. Then, all
possible cases, obtained from the partitioning of B; type con-
figurations, are depicted in Fig. 11. These cases, together
with configurations that terminate in interior triangles, give
the relation

A Bm ZBn+2A Bm an+1A1+ <_+p)BmBnA2
2 2

+ %B’"‘lB'f”C. (A4)
Finally, with a=p+ny, ay=p+ny, ar=n,,, and c=n¢ from
Eqgs (A2)-(A4), one gets recursion relations (A1). Values of
the coefficients a, a;, a,, and ¢ for 2<b=<7, are given in
Table III.

For h=2 and 3 we could find them by direct enumeration
of the corresponding HW configurations, whereas for larger
b we had to use computer facilities.

In a quite similar manner it can be shown that the number
of C type HWs fulfills the recursion relation

, W B , , B ,
C'=B"Bl\a'—A+ajA+a;—A,+c'C|, (AS)
B B

where coefficients a’, a{, aé, and ¢’ depend only on b, and
their values for 2=<b =7 can be seen in Table IV.

APPENDIX B: RECURSION RELATIONS FOR TWO-LEG
HW S ON GM FRACTALS

Here we prove that the numbers of two-leg HWs, D and
D,, on GM fractals, satisfy the recursion relation (3.5),
where coefficients b;; are equal to

TABLE III. Coefficients a, a;, a,, ¢, and p, appearing in recur-
sion relations Eq. (A1) and (3.2) for the numbers of A, A|, A,, B,
and B; -type HWs on GM fractals with 2<b =<7, found by com-
puter enumeration of the corresponding HW configurations.

b a a a, c p

2 2 2 0 2

3 12 14 4 22 8

4 122 128 36 212 40

5 1842 1532 436 2704 360
6 35390 23812 5932 42368 3872
7 880 646 486 284 110 876 878 168 62 848
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TABLE IV. Coefficients a’, aj, aj, and ¢’, appearing in recur-
sion relation Eq. (A5) for the number of C type HWs on GM frac-
tals with 2<b=<7.

b a aj a, '

2 1 2 2 6

3 12 16 8 32

4 152 168 96 352

5 2544 2120 848 4048

6 52072 35152 13136 67 680
7 1340 536 735312 224 176 1374 944

by =p(m+1)B"B!, by,=2pnB"'B™",

by = %BM‘IB’{“, byp=pn+1)B"B..  (Bl)
The two strands which form any two-leg configuration can
terminate either in two different rth order generators within
the (r+1)th order generator, or in the same one. In the first
case, the corresponding number of walks is of the form
BkBllXY, where X and Y are A, A, Ay, or C, and k+[+2
=b(b+1)/2, since all the rth order generators must be vis-
ited. In the latter case the number of walks is of the form
BkBllX, where X is D or D,, and k+[+1=b(b+1)/2. Each
such configuration can be obtained by cutting some B or B,
step of the B or B, configuration within the (r+ 1)th genera-
tor. All the possibilities in which this can be done are
sketched in Fig. 12, so that Eq. (B1) directly follows.

APPENDIX C: RECURSION RELATIONS FOR HW S ON
N-SIMPLEX LATTICES

In this Appendix we give recursion relations for the req-
uisite numbers of HWs, needed for obtaining the scaling

A\ b\ b\

pB"B"
D (r+1)
(m+1)pB"B,'D 2npB""'B,"'D, mpB"'B," D 2(n+1)pB" B 'D,

FIG. 12. All possibilities of cutting B or B; type configurations
within the (r+1)th order generator of GM fractal, leading to all
possible D or D, type configurations, in which the two legs termi-
nate in the same rth order generator. Terms under each configura-
tion are equal to the corresponding walks, within the (r+ 1)th order
generator. One should notice that by cutting steps of B; configura-
tions, due to symmetry, doubled number of D; configurations is
obtained (since it is predefined which of the two legs visits the
upper corner vertex).
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forms for the overall numbers of HWs on n-simplex lattices,
for n=4, 5, 6, and 7, together with some relevant details of
the derivation of formulas (5.8) and (5.14).

1. Four-simplex

Closed HWs on four-simplex were analyzed in [26]. Here
we quote equations and results relevant for our present
analysis. Recursion relations, as well as the initial values of
the numbers B(ll) and B(zl) , are

B! =2B*+4B3B,+6B%B2, B\"=2,

By=B}+4BiB,+22B;, BY=1. (C1)

The requisite number x=x;=B,/B, satisfies recursion rela-
tion
. Bl 2x'+4x’+6x7

X =—=

i N (Y
, o x=2.
B, x*+4x’+22

(C2)

Explicit numerical iteration shows that x'— 0, when [— o,
so that recursion relation obtains the approximate form

KD < i(x(l))Z_

1
This relation implies that x<’)~)\é, and precise numerical
analysis gives Ap=0.836 620.... The overall number of
closed HWs on the four-simplex of order (I+1) is equal to

700 = 3(g0)¢,

which, with established asymptotic behavior of x", for large
[ gives the same form as in Eq. (5.6):

1
Z(CI+1) . ()\123351))4,
and, consequently, Z\ ~ MM, with w=1.399 11....
Directly enumerating one-leg HW configurations, we
have found that numbers A; and A, satisfy recursion rela-
tions of the form (5.11) with

a;1=6B1(B,+B,), ay =Bi(2B,+3B,),

ay =22B5(B, + B,) + B{(7B, + 16B,),

and aj,=6a,;, so that for parameters y;=A;/B, and y,
=A,/B,, one obtains relation (5.13), where

B 6x%(1 +x) B x%(3 + 2x)
T s var+x " At
22+ 22x + 1657+ 7x°
My, = ., My =06my,.

22 +4x° + x*

Since x(l)zB(ll) /B(zl) tends to 0, it is obvious that m,, m,, and
m,; tend to O, whereas m,, — 1, when [— o, which implies
that y, tends to 0, and y, to some finite constant value. Ex-
plicit simultaneous iteration of relations (C2) and (5 13),
starting with the initial values x'"=2 } V=6, and ¥y N=p,
indeed quickly shows that y(l)—>0 and y ) 62.1081..
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\

D D,:

1

FIG. 13. Possible types D and D, of two-leg HWs on four-
simplex lattice of order /.

The overall number of open HWs on (I+1)th order four-
simplex is equal to

ZUD = 12B2(A2 + 2A4,A, + 3A2 + B,D)), (C3)

where superscript (/) was suppressed on the right-hand side,
and D, is the number of one of two possible two-leg HWs
(see Fig. 13) on the /th order four-simplex. To obtain asymp-
totical behavior of the numbers D; and D,, one needs recur-
sion relations

[ =i 520 ()2
D(21+1) d21 d22 D(ZI) F2 '

dy = 12B,B; + 12B:B, + 8B],

where

dy =2B1(B, +3B,), dy=4B]+88B;,

d»=4dy, and F=A’B(4B,+6B,)+24A,A,B,(B,+B)
+A3B,(42B,+64B,), F,=AB+6A,A,B}+A3(16B;
+44B,B,+66B3). Introducing new variables w;=D,/B, and
wo=D,/ B, one gets new recursion relations, which show that
w(ll>—>0 for [— 0. Since from Eq. (C3) it follows that

Z(OM) = 12X°B3(y3 + 2y, v, + 3y3 +xw)),

one finds that two-leg HW configurations do not contribute
significantly to the overall number of open HWs for large /,
and, furthermore, that the following asymptotic formula is
valid:

ZgH) N (X(l))z(B(zl))4.
1
Finally, since B(21)~w4[ and x(l)~)\é, one obtains

() N Nl/2
7~ "

2. Five-simplex

According to [27] recursion relations for requisite num-
bers B, and B,, and their initial values, needed for obtaining

the number of closed HWs are such that x(IM)Ex(’“)

=B(ll+l)/B(21+l)=f1(x(l))/f(x(l)), xD=3, with
f1= 61" +30x* + 78x% + 96x% + 132x + 132,

F=2x7+13x* +32x° + 88x% + 220x + 186.  (C4)

Numerical iterations give 2 —0.802 318 8..., whereas fur-
ther analysis of relation (5.7) reveals that w=1.717 769...

1
and B(zl)~ ® . Since
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Z4*) = 12B3 + 30B1B, + 60B;B3 + 132B3,

it is obvious that for large [ one obtains Z (+1) (B(Z)) and

consequently ZU) ~w’

For five- 51mplex lattlce there are three types of one-leg
configurations, A;, A,, and A3, which, as we have found by
computer enumeration, fulfill recursion relations (5.11), with
coefficients ag”l.) [see Eq. (5.12)] given in Table V.

172

Parameters yi”:Af.l)/B(zl) satisfy matrix relation (5.13),
with all coefficients m;; tending to finite constant values
when [ — o, such that the corresponding matrix has one ei-
genvalue larger than 1: A=5.718.... This means that y(l)
~\!, which was also confirmed by direct iteration of the
recursion relations for x and y;.

The overall number Z U of open HWs is of the form
(5.9), and, similar to the three-simplex case, it turns out that
terms with the numbers D; of two-leg HWs have the same
large / behavior as the terms with numbers of one-leg HWs.
Consequently, explicit quoting of recursion relations for D;
numbers is not necessary here, and for the number of open
HWs one obtains Z(Z‘Ll (B(I)KA I)A(]) ~N(B ”)5 Then, it
stralghtaway follows that Z< ~ Nlle, with y=21In\/In5
=2.1668..

3. Six-simplex

From the recursion relations for the numbers B( ) B(l) and
B(l) obtained in [27] it certainly follows that x(m)
AP0 D) and 260 D) D D),
with f}, f>, and f being polynomials 0f order 6. Iterating
these relations one concludes that both xl ) and x(zl) tend to O,
and also x(zl)>x<l) so that for large / the following approxi-
mate relations are valid:

94 336
541568

25008
(I+1) 4 (+1)
I 541 568( )

()
From the latter of these relations follows x ~ )\B, and then,
from the first relation one gets x(l) ~ ()\ )2 Precise numerical
analysis gives Ap=0.9888.... Analysis of the correspondmg
relation (5.7) gives ©=2.0550047... and B ~ °" Finally,
since 78D = 6089+ 3603532+ 1 17OB4B2+ 1920B3B]
+396OBZB4+79ZOB BS+SSSOBS, for 1arge l one obtalns
Z(Hl)~const(B(1)x2 )0~ (\; B(l))6 and Z o w®(\j)© (62
Numbers A(l A([), and A(Z of one-leg HWs for the six-
simplex lattlce satlsfy recursion relations (5.11) with coeffi-
cients a( ) glven in Table V. Direct numerical iteration of
the recurswn relations for x; and y; parameters quickly shows
that y 1 ) and y([) tend to 0, whereas y;) approaches the large,
but finite, constant 4.083 11---10°. This is in accord with the
fact that ms3; is the only element of the matrix m of the
relation (5.13) which for large [ tends to a finite constant,
i.e., not to 0, as do all the other m;. Finally, the overall
number (5.9) of open HWs is for large [ governed by the

term AZB‘%, so that Z(l+1)~( (Z))4(B(]))6~()\2 Yo" and Z(l)
()\2)(61)]n 2/In 6
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TABLE V. Coefficients a'/) given by Eq. (5.12), which appear in the recursion relations Eq. (5.11), for five- and six-simplex lattices.

Five-simplex lattice

. 11 21 22 1 32 3
n h2 - ’(1 2) 01,(-],-2) f1’2) Cy’('13"2) afliz) ‘(1‘32)
0 4 24 44 548 22 428 1042
1 3 0 44 636 0 296 472
2 2 72 38 374 0 104 0
3 1 72 24 140 4 36
4 0 0 6 26 1 6 5
=120, a{1922448Y | ¢ =24?
l1l2 hia” hip hiz" hip hiy
Six-simplex lattice

i Bk o2 o o)

123 172°3 1°2°3 123 172°3 17273
0 0 5 0 0 0 0 0 541568
0 1 4 0 0 0 0 0 541568
0 2 3 0 0 57600 0 47168 447232
0 3 2 0 0 82848 0 56768 323264
0 4 1 2640 2568 66744 1042 35256 148000
0 5 0 2640 1776 23688 614 10220 33160
1 2 2 0 0 25008 0 9600 47168
1 3 1 0 1776 45552 472 17352 58464
1 4 0 2640 2172 27768 538 9576 25586
2 1 2 0 0 4248 0 0 0
2 2 1 0 624 14616 0 3460 6768
2 3 0 2280 1350 15360 192 3976 7708
3 0 2 0 0 456 0 0 0
3 1 1 480 216 2928 0 480 0
3 2 0 1800 612 5358 68 1060 1188
4 0 1 120 36 300 5 56 0
4 1 0 720 180 1182 23 206 168
5 0 0 120 24 126 3 20 21

12 2204 o' 21200 | o) =642

Li2!3 hilafs  hial3 hialy  hiol3 11213

4. Seven-simplex L f1(x1,x5) . Fr(x1,x7)
X\==———0, x=——r, (C3)
Jx1,x7) Sxp,x0)
To enumerate closed HWs on the seven-simplex lattice
one needs three requisite numbers B, B, and Bj (see Fig. 8),
which satisfy recursion relations of the form where
707 o
(I+1 (i) 11 .
”2_01220 z)blulzlaB BBy, i=123. filkx) =2 2 bglli)z(7—i]—i2)xlllxl22’
Loy i1=0 i=0

i +igtin=T

Coefficients bgf)izia’ found by explicit computer enumeration
of the corresponding HW conﬁgurations are given in Table
VI, whereas initial values are B( =120, B 1)—24 and
B“ =3 [34].

Introducing parameters x;=B;/B53, x,=B,/B5, one obtains
the closed set of recursion relations

fZ(xth) E 2 bzlz2(7 zl—lz)xlllxaz’

i1=0 ip=0

7 7

()C],XZ) 2 2 1112(7 i—- lz)xl X2

i1=0 i,=0
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TABLE VI. Coefficients appearing in recursion relations B;
=sp) BUB2B for the numbers B; (i=1,2,3), needed for enu-

L1y l
merauon of closed HWs on the seven-simplex lattice.

. 1 2 3
n h2 s bgli)zis b5122i3 b’('li)zis
0 0 7 64988160 94599168 115468800
0 1 6 64988160 141735936 165548544
0 2 5 53667840 118798848 106301952
0 3 4 50112000 78990336 49499520
0 4 3 32536320 38795520 19747584
0 5 2 14097600 12925632 5819328
0 6 1 3787680 2712192 1077136
0 7 0 473760 275616 96864
1 0 6 0 6498816 11372928
1 1 5 0 10733568 9748224
1 2 4 5660160 15033600 6708480
1 3 3 9319680 13014528 5011200
1 4 2 7985040 7048800 2440224
1 5 1 3459360 2272608 704880
1 6 0 626400 331632 94692
2 1 4 0 566016 0
2 2 3 812160 1397952 283008
2 3 2 1953600 1597008 349488
2 4 1 1449360 864840 199626
2 5 0 396720 187920 43242
3 1 3 0 54144 0
3 2 2 266880 195360 20304
3 3 1 384000 193248 32560
3 4 0 163800 66120 12078
4 1 2 33600 13344 0
4 2 1 80400 28800 3336
4 3 0 50400 16380 2400
5 0 2 3720 672 0
5 1 1 12240 3216 336
5 2 0 11520 3024 402
6 0 1 840 204 31
6 1 0 1680 384 51
7 0 0 120 24 3

These recursion relations quickly lead to the conclusion
that x'" —0.690 015... and x\" —1.146 95..., as [— . The
limiting values are indeed one of the solutions of the
algebraic system of equations x;=f(x;,x)/f(x],x2),

PHYSICAL REVIEW E 76, 011107 (2007)

Xy=f5(x;,x)/f(x],x,), actually the only positive one.
The overall Z(CI”) number of closed HWs on (/+1)th order
seven-simplex is equal to

7 7

1ol i
Z(c+ = E 2 Cij(7—i—j)BlszBs =,
i1=0 iy=0

which for large / obtains the approximate form

78D = const(BY),

meaning that In Z“+1 /7% ~1n B(l)/ 7!. From the recursion re-

lation for B() follows the equation

In B{*Y  1n BY
ZT =4l +71+1

In £\, x9), (C6)

which can be numerically iterated, together with the recur-
sive relations (C5) for x; and x,. In that way, one finds
In w=lim,_..(In BY/7)=0.87382..., ie, ©=2.396056....
In addition, from relation (C6) one can write

k=1

+2 —r In SO x5y,

m=[

lntk) lntl)
7% =7

so that when k— o follows

In B(l -
7! +2

m=l

Inw= e In f(x(lm),x(zm))

Since f(x™,x
lll (l)

Inflxy x3 ) I (I

than T’ and consequently 7'In w>InBy">7"In w

=5.1, for all I. This means that for [>1 one has In BY
~7'Inw, ie., B(l) ~ o’ ﬁnally implying Z(l)~ oV

Recursion relat10ns for the numbers A(l of four poss1ble
one-leg HWs are too cumbersome to be quoted here, but are
available upon request. Numencal analysis of Correspondm%
relations (5.13) for parameters y, —Al(,l)/B(]) reveals that y;
~\!, with A\=7.7749..., being the largest eigenvalue of the
matrix m;;, obtained in the limit [ —oc. All terms in the for-
mula (5.9) for the number Z D of open HWs are of the same
order of magnitude for large [, so that

) decreases with m, the above sum is less

(I+]) )\ZZ(B(Z))7 )\210)7l+1

and, consequently:

In A
720~ o7(7)7, y=2—>=2.10791....
In7
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